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Phase modulation plays a crucial role in shaping opti-
cal fields and physical optics. However, traditional phase
modulation techniques are highly dependent on angles and
wavelengths, limiting their applicability in smart optical sys-
tems. Here, we propose a first-principle theory for achieving
constant phase modulation independent of incident angle
and wavelength. By utilizing a hyperbolic metamaterial and
engineering-specific optical parameters, different reflective
phase jumps are achieved and tailored for both trans-
verse electric (TE) and transverse magnetic (TM) waves.
The aimed reflection phase difference between TE and TM
waves can be thus achieved omnidirectionally and achromat-
ically. As an example, we propose a perfect omnidirectional
broadband reflection quarter wave plate. This work pro-
vides fundamental insights into manipulating optical phases
through optical parameter engineering. © 2023 Optica Pub-
lishing Group

https://doi.org/10.1364/OL.505024

Phase modulation plays a key role in reshaping the wavefront of
optical waves and finds broad practical applications in various
branches of industry and scientific fields. Traditional photonic
devices rely on phase modification to achieve wavefront modifi-
cation and beam shaping. To further tailor the phase difference
between the two orthogonal polarized components, polarization
states of waves can be manipulated by separately adjusting the
accumulated phase. Typically, phase modification is obtained by
using transmission and/or reflection processes. In particular, the
transmission phase modification strategy is commonly employed
in conventional optical elements. For example, traditional wave
plates utilize birefringent crystals with specific thicknesses to
alter the polarization states of light. The emergence of meta-
materials with unique parameters has led to novel opportunities
for exploring phenomena such as negative refraction, subwave-
length focusing, and even the concept of “invisibility cloaks”
[1–4]. However, traditional transmission photonic devices face
substantial challenges in fabrication technology and the real-
ization of smart devices [5]. In order to reduce the size of the
smart photonic elements and enable versatile wavefront con-
trol applications, the concept of metasurface with interfacial
phase discontinuity has been utilized to reshape the wavefront

[6–11] using the 2π periodicity of phase variation. Based on
the transmissive phase modulation strategy, plenty of photonic
elements have been developed to meet various functionalities
in different application scenarios. However, the effectiveness of
transmission phase modulation is highly dependent on incidental
wavelength and optical thickness [12,13], resulting in constraints
on working wavelength bandwidths and specific demands for
incident angles [14]. Consequently, there exists a strong demand
for the advancement of an intelligent phase control theory capa-
ble of facilitating the design of novel photonic devices with
extremely broad wavelength and angle bandwidths.

An alternative approach involves the help of reflective phase
modulation photonic devices. Fresnel’s rhomb can give a relative
reflection phase difference (RPD) of 90° through two succes-
sive total internal reflections at specific angles [15]. However,
the phase jumps of transverse electric (TE) waves and trans-
verse magnetic (TM) waves vary with the incident angle, as
well as the RPD when total internal reflection happens at
the interface of the traditional media [15]. Recently, hyper-
bolic metamaterials (HMMs) have attracted broad interests due
to their unique dispersion relations particularly with an open
hyperbolic equifrequency contour [1,16–21]. HMMs provide
intriguing possibilities for the development of omnidirectional
photonic devices by tuning the shape of the hyperbolic dis-
persion [22]. In our previous work, we propose a theory that
enables the realization of a perfect polarization beam splitter
with an exceptionally broad frequency and angle bands without
energy loss [23]. This serves as a promising foundation for fur-
ther developing a phase modulation theory with high efficiency
and extremely broad bands based on HMMs.

In this work, we propose a novel reflective phase modula-
tion theory to design highly efficient photonic devices with
extremely broad bands in angles and wavelengths. Based on
the total internal reflection at the interface of isotropic medium
and the HMM, a constant phase jump phenomenon that is inde-
pendent on incident angle and wavelength for both TE and TM
waves is observed. This unique phenomenon indicates a constant
RPD, laying the foundation for a reflective phase modulation
theory to design high-efficiency photonic devices with broad
bands in angle and wavelength. As an example, we propose a
perfect total internal reflection quarter wave plate (QWP). This
theoretical work provides valuable guidance for designing phase
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Fig. 1. (a), (b) Schematic diagram of total internal reflection of
a linear polarization beam at a vacuum–metal interface (a) and at
the vacuum–metamaterial interface with a constant phase jump (b).
(c) The reflection phase jump for TE waves varies with µx and µy
at µ1 = 1. (d) The reflection phase difference between TE and TM
waves varies with εy and µy at ε1 = 1.7, µ1 = 1, εx = 0.586, εz = 3,
µx = 0.567, and µz = 2.9.

modulation devices with broadband operation and minimal loss,
offering a great potential for applications in complex optical
systems.

In the traditional total internal reflection process, the RPD
between the TE and TM waves varies with the incident angle
and wavelength when a spatial wave packet with linear polar-
ization is incident on the vacuum–metal interface [Fig. 1(a)].
As a result, the polarization states of the reflected waves vary
with the position on the observation plane. To achieve a consis-
tent polarization state, a constant RPD is required with the help
of metamaterials, regardless of the incident angle and wave-
length [Fig. 1(b)]. For this purpose, we consider an interface
between the isotropic dielectric medium with permittivity ε1

and permeability µ1 and anisotropic metamaterial characterized
by principal tensorial permittivity (ε̂) and permeability (µ̂), as
shown in Fig. 1(b). The x and y axes are parallel to the optical
axis of the anisotropic materials with x axis normal to the inter-
face. The incident beams are incidental in the xOy plane. The
principal tensorial permittivity and permeability have the follow-
ing forms [16] of ε̂ = ε0εi and µ̂ = µ0µi (i = x, y, z) with εi and
µi (i = x, y, z) being the relative permittivity and permeability
components, respectively.

From Maxwell’s equations, the dispersion relation of the
anisotropic medium can be derived as [23] k2

x
εy
+

k2
y
εx
− µzk2

0 = 0

for TM waves and k2
x
µy
+

k2
y
µx

− εzk2
0 = 0 for TE waves. Here,

ki(i = x, y) is the modulus of the wave vector component, and k0

is the wave number in vacuum. Indeed, for TM and TE waves, the
dispersion relation takes the form of a hyperbolic shape when
εyεx<0 and µz>0 for TM waves and µyµx<0 and εz>0 for TE
waves. When the dispersion curves of incident medium 1 and
the HMM do not intersect, a total internal reflection phenomenon
occurs, causing all incident waves from medium 1 to be fully
reflected. To achieve this total internal reflection, the optical
parameters of the metamaterial must satisfy specific conditions
[23]. The required relation is of εyµz<0 and εyµz ≤

εy
εx
ε1µ1 for

TM waves, and the condition of µyεz<0 and µyεz ≤
µy
µx
ε1µ1 for

TE waves. For the incident TM and TE waves from medium 1

into HMM, reflection coefficients at the interface are written as
[23]

rTM =
k1xεy − kxε1

k1xεy + kxε1
, (1a)

rTE =
k1xµy − kxµ1

k1xµy + kxµ1
. (1b)

Here, k1x and kx represent the normal components of the wave
vector for incident waves and refracted waves, respectively. Dur-
ing total internal reflection, the refracted waves in the anisotropic
metamaterial have complex wave numbers, leading to rapid
decay. To account for this decay property, we define a real num-
ber α = Im(kx). The phase jumps of TE and TM waves during
the total internal reflection can be calculated using Eq. (1) and
are given as follows:
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), (2a)
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2
TEµ

2
1
). (2b)

To achieve the phase modulation over an extremely broad
angle and wavelength ranges, the reflection coefficient needs
to remain constant regardless of incident angles and wave-
lengths. Mathematically, the phase jump ϕi (i=TM or TE)
should satisfy ∂ϕi/∂ky = 0 (i=TM or TE) for a broad angle
band and ∂ϕi/∂k0 =0 (i=TM or TE) for a broad spectral band.
We define the parameter γi = k2

1x/α
2
i (i=TM or TE). The con-

ditions of ∂ϕi/∂ky = 0 and ∂ϕi/∂k0 = 0 will be satisfied at
∂γi/∂ky = 0 and ∂γi/∂k0 = 0 if ε̂ and µ̂ are wavelength inde-
pendent. From dispersion relation of the HMM, γ is expressed as
γTM = −

εx(ε1µ1k2
0−k2

y )

εy(εxµzk2
0−k2

y )
and γTE = −

µx(ε1µ1k2
0−k2

y )

µy(µxεzk2
0−k2

y )
. By carefully select-

ing the optical parameters, we can ensure γ remains constant
regardless of ky and k0 when the optical parameters satisfy
µxεz = ε1µ1 for TE waves and µzεx = ε1µ1 for TM waves. Thus,
to achieve a constant reflective phase jump with total inter-
nal reflection, the relative permittivity and relative permeability
of the anisotropic metamaterial should satisfy the following
relationships:

TM : εyµz ≤
εy

εx
ε1µ1, µzεx = ε1µ1, εy<0 and µz>0, (3a)

TE : µyεz ≤
µy

µx
ε1µ1, µxεz = ε1µ1, µy<0 and εz>0. (3b)

Under these requirements, γ degenerates to γTM = −εx/εy and
γTE = −µx/µy as a constant independent on wavelength and inci-
dent angle. The corresponding phase jump for the reflected TM
and TE waves are separately given by Eq. (4) as

ϕTM = tan−1(
2ε1εy

√︁
−εx/εy

εxεy + ε
2
1

), (4a)

ϕTE = tan−1(
2µ1µy

√︁
−µx/µy

µxµy + µ
2
1

) . (4b)

This means all incident TE and TM waves will be totally
reflected with a constant phase jump determined solely by
the optical parameters of HMM. The constant phase jump at
total reflection is fundamentally different from traditionally
totally internal reflection, where the phase jump varies with
incident angle [15]. This unique characteristic enables syn-
chronous phase modulation for spatial wave packets within a
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specific spectral bandwidth. Additionally, this reflection does
not alter the polarization state distribution of the incident opti-
cal field, distinguishing it from mirror reflection. Furthermore,
the Goos–Hänchen shift at the designed interface is consistently
zero for all incident waves, as calculated by ∆GH = −

dφi
kdθ [24],

setting it apart from traditional total internal reflection [25–27].
Notably, the constant phase variation can be individually

tuned by adjusting the optical parameters for the TE and TM
waves. According to Eqs. (4a) and (4b), the phase jump for
the TE waves and TM waves individually covers the range of
(−π/2,π/2). As shown in Fig. 1(c), TE waves demonstrate a set
of phase jump with changing µx and µy as expected. A jump
behavior of phase jump from –90° to 90° appears at µxµy = −1 .
The reflection phase difference between TE and TM waves, a
result of phase jump summation, is constant within the range of
(−π, π) by tailoring the optical constants as shown in Fig. 1(d).
This feature is ideal for phase modulation devices. When the
constant phase difference is zero [the blue line in Fig. 1(d)],
polarization-independence photonic devices can be achieved.
Alternatively, a total internal reflection wave plate with broad
spectral and angle bands can be obtained when a non-zero phase
difference is achieved. It should be pointed out that the jump
phenomenon at εy = −4.93 and µy = −1.76 is induced by the
singular point in the reflection phase jump Eqs. (4a) and (4b).

As an example, we demonstrate a perfect total internal reflec-
tion QWP with broad angle and wavelength bands theoretically.
The condition for a π/2 phase jump requires tan(ϕTE ) tan(ϕTM ) =

−1. Consider a special scenario where TE and TM waves have
similar dispersion relations under the condition of µi = βεi(i =
x, y, z) with a constant β to ensure total internal reflection with a

constant phase jump. We obtain the formula εxεy =
−β2±

√
β2

2−4β2

2β2

with β2 = β
2 − 4β + 1. Therefore, the requirements for a perfect

omnidirectional and broadband QWP are given as εx =
1

βεz
, εy =

−β2εz±
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2 ε
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2 ε
2
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z

2 , and µz = βεz.
Parameter β is in the ranges of (0, 3 − 2

√
2] and [3 + 2

√
2,∞).

The performances of the designed perfect omnidirectional
and broadband QWP are demonstrated through finite element
simulation in Fig. 2, by calculating the reflection phase jump of
TE waves and TM waves at the interface of vacuum and HMM.
The Gaussian TE waves [Figs. 2(a) and 2(b)] and TM waves
[Fig. 2(c)] are totally reflected back at the incident angle θ in

of 45° with minimal loss. When a linearly polarized Gaussian
beam is incident on the QWP, the phase difference between the
magnetic field components Hz and Hy of the reflected Gaussian
beam is fitted as about π/2, representing the RPD between the
TM waves and TE waves. Figure 2(d) demonstrates the calcu-
lated RPD of the TM and TE Gaussian beams under different θ in

from 10° to 80°, indicating a broadband modulation in angle. At
θ in= 30° and θ in= 45°, the designed QWP almost demonstrates
a π/2 RPD between the TM and TE Gaussian beams with dif-
ferent wavelengths from 200 nm to 1100 nm in Fig. 2(e). The
small difference between the calculated RPD and π/2 might be
induced by the limit mesh accuracy. The results verify the excel-
lent broad wavelength and angular band merits of the designed
perfect QWP.

In Fig. 3, we investigate the effect of medium dispersion on the
performances of the designed QWP. Considering that the real
permittivity and permeability are often functions of wavelength,
the permittivity component εz of the metamaterial is chosen as
the Drude model ε(ω) = 1 −

ω2
p

ω2+iγω with the wave frequency

Fig. 2. Performances of the designed perfect quarter wave plate
(QWP). (a), (b) Ez (a) and x component of time-averaged power
flow < Sx> (b) distributions when the TE waves are incident on
the QWP at θin =45°. (c) <Sx> for the TM waves at θin =45°. (d,
e) The RPD between TM and TE waves varies with the incident
wavelength at θin= 30° and 45° (d) and with θin for a 600 nm beam.
The waist of the Gaussian beams is 2.0 µm. The optical parameters
are εx = 1/6, εy = −2/3, εz = 1, µx = 1, µy = −4, and µz = 6.

Fig. 3. The effect of medium dispersion on the RPD of the
designed QWP. (a) RPD of the designed QWP varies with wave-
length at θin =45°. (b) RPD of the designed QWP varies with θin at
a wavelength of 600 nm. The insets are < Sx> distributions at θin
=30° (left) and θin =60° (right). The error bar is simulated by the
Hz and Hy curves.

ω, the plasma frequency ωp= 3.87× 1015 rad/s, and the damp-
ing constant γ = 9.8× 1015 rad/s [28]. Figure 3(a) demonstrates
the effect of dielectric dispersion on the RPD of the designed
omnidirectional broadband reflection QWP. The RPD almost
maintains at 90° for the different Gaussian beams with the wave-
length in the range [450, 850] nm, demonstrating a broadband
property. For an incident Gaussian beams with a wavelength
of 600 nm, the RPD is still around 90° when the incidental
angle is from 10° to 50° in Fig. 3(b). The time-averaged power
flow component < Sx> distributions indicate that the Gaussian
waves are almost totally reflected, meaning a neglectable loss.
The result indicates that the perfect omnidirectional broadband
QWP might be able to be fabricated using dispersive materials,
which opens up possibilities for its implementation and design
in practical applications.
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In the structure design of the proposed HMMs, the modulation
of TM and TE waves can be achieved separately. Electric hyper-
bolic dispersion metamaterials are already relatively mature
[16]. To achieve negative dielectric tensor elements that satisfy
the condition of Eq. (3a), metal films or metal wire arrays can
be integrated with dielectric materials [29]. On the other hand,
HMM for TE waves, controlled by Eq. (3b), can be realized using
Mie resonance or split-ring resonators [30,31]. Additionally, the
phase modulation elements controlled by the topological chiral
media have been experimentally demonstrated, indicating chiral
media as an alternative choice for the reflected phase modu-
lation elements [32,33]. By carefully selecting and adjusting
these modification parameters, it is possible to create practical
and efficient reflection phase modulation structures for both TM
and TE waves, which provide potential guidance for the actual
implementation in real-world applications.

In this work, we demonstrated a constant RPD phenomenon
at the dielectric–metamaterial interface. We propose a novel
reflection phase modulation theory, based on the generalized
Fresnel formulas for anisotropic metamaterials, which enables
the design of high-efficiency photonic devices with broad angle
and wavelength bands, overcoming the thickness restriction. By
carefully adjusting the dispersion properties of HMM, we can
achieve a constant RPD for TE and TM waves, independent of
incident angle and wavelength. The constant RPD allows for a
precise control of the reflected wavefront, making it possible to
design efficient photonic devices with versatile applications. As
an example, we designed a perfect omnidirectional and broad-
band QWP that promises a constant π/2 RPD between the TM
and TE waves at any incident angle and wavelength. We val-
idated the performance of the designed perfect QWP through
finite element simulations, and we also investigated the impact
of material wavelength dispersion on its performance. One key
advantage of our proposed HMMs is their ability to act as meta-
atoms, enabling local manipulation of photon phase and flexible
modification of electromagnetic wavefronts through total inter-
nal reflection down to the wavelength scale. This property
may deepen one’s understanding of total internal reflection and
open up new possibilities for designing phase modulation-based
photonic devices with unprecedented functionalities and perfor-
mance. Our work lays the theoretical foundation for the design
of a wide range of phase modulation-based photonic devices and
may open the era of total internal reflection photonics.
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