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The mass law is a cornerstone in predicting sound transmission loss, yet it neglects the constraints of
causal dispersion. Current causality-based theories, such as the Rozanov limit, are applicable only to one-
port reflective absorbers. Here, we derive a universal sum rule governing causal scattering in acoustic
systems, establishing a rigorous analogy to the Baldin sum rule in quantum field theory. This relation
reveals that the integral of the extinction cross section is fundamentally locked by the scatterer’s static
effective mass and stiffness, which is validated numerically using seminal examples of underwater
metamaterials. Furthermore, the proposed sum rule predicts an optimal condition for an anomalously
broadened transmission loss bandwidth, as experimentally observed through the spectral shaping effect of
an acoustic Fano resonator. Our findings open up an unexplored avenue for enhancing the scattering
bandwidth of passive metamaterials.
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Introduction—The transmission loss (TL) of a sound-
proofing wall with thickness L increases by 6 dB for each
doubling of either the effective mass density per unit area
(ρeffL) or the angular frequency ω, known as the “mass
law”: TL ≈ 20log10ðωρeffL=2Z0Þ, where the characteristic
impedance of the background fluid is given by Z0 ¼ffiffiffiffiffiffiffiffiffiffi
ρ0K0

p
(with ρ0 and K0 representing the mass density

and bulk modulus of the background fluid, respectively). In
2000, Liu et al. [1] challenged this principle by introducing
lead spheres encased in a soft rubber and epoxy matrix,
which exhibit deep-subwavelength dipole resonances char-
acterized by dynamically negative mass density. This
negative property [2] can lead to a band gap with strong
backscattering, even when the scatterer unit is significantly
smaller than the excitation wave’s wavelength, thereby
violating the mass law. Fang et al. [3] further identified the
monopole counterpart of negative bulk modulus through an
engineered Helmholtz resonator array. In essence, meta-
materials can concentrate modes within a specific band of
interest, to create a large range of dynamic properties, by
leveraging the density of states from other frequencies
[4–6]. This enables exciting applications such as wave
focusing [7], cloaking [8], imaging [9], tweezing [10], and
perfect absorption [11,12]. However, the mass law dis-
regards the causal dispersion of materials and could be
inapplicable at excessively low frequencies (stiffness
control region) or excessively high frequencies (where

higher-order modes emerge). The well-known Rozanov
limit addresses the causality-induced dispersion constraint
on one-port absorption bandwidth [13–15], yet it assumes a
transmission-forbidden boundary. Thus, an open research
question remains on the universal causal bound governing
transmission loss: How does the allocation of local-band
spectral modes dictate the global wave transport?
To address this problem, we draw inspiration from the

microscale causal property of quantum theory, the Baldin
sum rule [16], specifically a fundamental result in quantum
field theory that connects the electric (αe) and magnetic
(αm) polarizabilities of nucleons to the integral of the
photoabsorption extinction cross section σext:R
∞
ν0

σextdν=ν2 ¼ 2π2ðαe þ αmÞ (natural unit), where ν0
denotes the threshold energy to trigger nuclear light-matter
interaction. As shown in Fig. 1(a), by measuring the far-
field forward scattering amplitude fðθ ¼ 0Þ, the optical
theorem [17], a result of scattering unitarity, gives σext ¼
ð4π=k0Þ Im½fðθ ¼ 0Þ� (k0 is the incident wave number). So,
nucleon structure parameters can be directly extracted from
scattering-based experimental data [18,19].
Here, we propose an acoustic analogy of the quantum

Baldin sum rule for passive, linear, time-invariant sound-
structure interaction:

Z
∞

0

σextðωÞ
dω
ω2

¼ Γ; ð1Þ

where σext denotes the extinction cross-section area (nor-
malized by port area S0) and Γ contains acoustic effective
properties (as the analogy of electric and magnetic
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polarizabilities of the quantum scatterer). The formulation
of acoustic analogy bears a striking resemblance to the
quantum Baldin sum rule (see Table I in End Matter).
Next, we will derive Eq. (1) and interpret its physical
implications.
Model definitions—Acoustic metamaterials are com-

monly realized as periodic subwavelength structures or
duct-embedded resonators for effective control of wave
propagation. Accordingly, we focus on a one-dimensional
(1D) scattering model [Fig. 1(b)], distinct from the three-
dimensional (3D) spherical scattering scenario [Fig. 1(a)].
We define the complex transmission coefficient TðωÞ as the
ratio of the transmitted total field pt to the incident field pi
across a structure of thickness L (where L ≪ λ), whose
effective density and longitudinal modulus are denoted as
ρeff andMeff , respectively (see a homogenization method in
Ref. [20]). Thus, the normalized forward scattering ampli-
tude is given by TðωÞ − 1, derived from the scattered field
ps ¼ pt − pi, while RðωÞ denotes the reflection coefficient
or backward scattering amplitude. The extinction cross-
section area is defined as the sum of the absorption term
(½1 − jRðωÞj2 − jTðωÞj2�S0) and the scattered backward and
forward cross sections (½jRðωÞj2 þ jTðωÞ − 1j2�S0), where
S0 denotes the periodic wavefront or port area or duct cross-
section area. Therefore, we reduce the extinction cross
section σext (normalized by S0) to

σextðωÞ ¼ 2Re½1 − TðωÞ�; ð2Þ

which can be regarded as a 1D optical theorem (derivations
based on energy conservation are available in Ref. [21],
Sec. S1). Since TðωÞ − 1 is analytic in the upper half-plane
of frequency, we apply the Kramers-Kronig (KK) relations
[23] to obtain (P denotes the principal value)

Re½TðωÞ − 1� ¼ 2

π
P
Z

∞

0

ω0 Im½Tðω0Þ − 1�
ω02 − ω2

dω0; ð3aÞ

Im½TðωÞ − 1� ¼ −2ω
π

P
Z

∞

0

Re½Tðω0Þ − 1�
ω02 − ω2

dω0: ð3bÞ

Meanwhile, the analytical expression of TðωÞ is [21]

TðωÞ¼
�
cosðkeffLÞ−

i
2

�
Zeff

Z0

þ Z0

Zeff

�
sinðkeffLÞ

�
−1
; ð4Þ

where the effective wave number keff ¼ ω=ceff ¼
ω

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρeff=Meff

p
and effective impedance Zeff ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρeffMeff

p
.

Note that, if the assumptions hold Zeff ≫ Z0 and ωρeffL ≫
Z0 (ρeff is a real-valued constant), the transmission
loss [TL ¼ −10 log10 jTðωÞj2] can be approximated as
20 log10 ðωρeffL=2Z0Þ (mass law).
Because limω→0 TðωÞ ¼ 1 for arbitrary scatterers with

finite thickness and material properties, Eq. (3a) yieldsR
∞
0 Im½TðωÞ − 1�dω=ω ¼ 0 (this is relatively trivial with-
out the information of the scatterer). By inserting Eq. (2)
into Eq. (3b) and taking ω → 0, we derive the acoustic
Baldin sum rule in Eq. (1), with the bound explicitly
defined as

Γ ¼ π lim
ω→0

Im½TðωÞ − 1�
ω

¼ πL
2c0

�
K0

Meffð0Þ
þ ρeffð0Þ

ρ0

�
; ð5Þ

where sound speed c0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
K0=ρ0

p
. Defined at the static

limit (ω → 0), Γ can be split into a monopole term Γm ¼
ðπL=2c0ÞK0=Meffð0Þ and a dipole term Γd ¼ ðπL=
2c0Þρeffð0Þ=ρ0. The acoustic Baldin sum rule reasonably
eliminates the possibility of full-band perfect transmission
suppression when Γ ≠ 0: If jTðωÞj ¼ 0 for arbitrary ω, the
integral in Eq. (1) would diverge.
By taking a subwavelength approximation (keffL ≪ 1),

the second-order Taylor series of Eq. (4) is

TðωÞ ¼ 1þ iω
Γm þ Γd

π
− ω2

Γ2
m þ Γ2

d

π2
þ iOðω3Þ; ð6Þ

where the first-order coefficient is locked via Γm þ Γd (sum
rule’s bound Γ), while the second-order coefficient deter-
mines the low-frequency asymptotic behavior: σextðωÞ ¼
ω2½2ðΓ2

m þ Γ2
dÞ=π2� þOðω4Þ, according to Eq. (2).

We discover an opportunity for bandwidth enhancement,
as shown in Fig. 1(c). The σext integral (Γ0) over the
wavelength (dλ ∝ dω=ω2) remains the same for a scatterer
before (green curve) and after (blue curve) optimal spectral
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FIG. 1. From quantum to acoustic Baldin sum rule. (a)
Schematic illustration of light-matter scattering. (b) Schematic
illustration of sound-structure scattering. (c) Conceptual diagram
of σext spectra shaping, showing the conversion between
frequency ω and wavelength λ.
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shaping via the minimization of second-order coefficient
½2ðΓ2

m þ Γ2
dÞ=π2 ≥ 4ΓmΓd=π2�. Here, Γ0 is the wavelength-

domain form of the bound (defined in Appendix C).
Because of the conservation of integral area of σext=ω2,
the bandwidth in the right-side case can be much larger,
i.e., Δω2 ≫ Δω1.
Analytical validation—We investigated typical cases

of ideal point scatterers, with closed-form dispersion
models of ρeffðωÞ and MeffðωÞ. Mathematically, we have
analytically obtained perfect agreement betweenR∞
0 σextðωÞðdω=ω2Þ and Γ for all cases (see derivations
in Ref. [21], Sec. S1).
Numerical validation—Ideal analytical models, as given

in Eq. (4), neglect higher-order modes (in waveguide
scattering) or diffraction modes (in planar periodic sam-
ples). However, the sum rule does not preclude the
existence of dynamic modes beyond the effective medium
description, since all scattering states remain orthogonal.
Here, the numerical examples we investigated include

both a monopole Helmholtz resonator [3] and a lead-core
dipole resonator [1] that incorporate higher-order fluid-
based or elastic modes (see Fig. 2). Using material
parameters from the original studies, we performed finite
element simulations to calculate σextðωÞ, with water set as

the background medium (see Ref. [21], Sec. S2 for
simulation details). As shown in Fig. 2(c), the monopole
resonator—mounted on a duct—exhibits two subwave-
length peaks: The first corresponds to the Helmholtz
resonance (L=λ ≈ 1=5) and the second to the half-wave-
length Fabry-Pérot resonance (L=λ ≈ 1=2) within the
defined structural region of length L. For L=λ > 1, oscil-
lations arise due to higher-order Fabry-Pérot resonances
and associated phase modulation. Similarly, the dipole
resonator array shows multiple peaks (L=λ as small as
1=200), attributed to the elastic modal behavior of
composite materials [24]. After extracting MeffðωÞ and
ρeffðωÞ spectra via RðωÞ and TðωÞ using the method in
Ref. [25], we observe that the corresponding line shapes
near resonance follow the Lorentz model, as shown in the
insets in Fig. 2(c).
Next, to measure how fast the scattering resources can

accumulate over frequency, we introduce the cumulative
distribution function

γðωÞ ¼
Z

ω

0

σextðωÞ
dω
ω2

; ð7Þ

which approaches the bound Γ as ω → ∞ [γðωÞ=Γ → 1 for
both cases in Fig. 2(d)]. We adopted the effective medium
theory of composite materials [26,27] to calculate Γ with
the static normalized effective density ρeffð0Þ=ρ0 and
compressibility K0=Meffð0Þ (see Ref. [21], Sec. S2). By
comparing Figs. 2(c) and 2(d), we can clearly see the local-
band contribution in γðωÞ from the low-frequency local
resonances to the higher-order Fabry-Pérot resonances.
Design strategy—The acoustic Baldin sum rule serves as

a predictive tool: By maximally suppressing the low-
frequency σext, scattering resources are redistributed to
higher frequencies, broadening the operational bandwidth
[Fig. 1(c)]. To quantify this spectral shaping effect, we
combine Eqs. (6) and (2) and then compute dγðωÞ=dω
(¼ σextðωÞ=ω2) at the low-frequency limit

dγðωÞ
dω

¼ L2

2c20

��
ρeffð0Þ
ρ0

�
2

þ
�

K0

Keffð0Þ
�

2
�
þOðω2Þ; ð8Þ

where we replace MeffðωÞ by KeffðωÞ (bulk modulus) for
the fluid-based scatterers without shear modes. Because
½ρeffð0Þ=ρ0�2 þ ½K0=Keffð0Þ�2 ≥ 2½ρeffð0Þ=ρ0�½K0=Keffð0Þ�,
the coefficient of ω2 in σextðωÞ can be optimally minimized
as L2=c2effð0Þ, if the static effective density and compress-
ibility can be matched:

ρeffð0Þ
ρ0

¼ K0

Keffð0Þ
⇔ Zeffð0Þ ¼ Z0: ð9Þ

This is a necessary but not sufficient condition for optimal
scattering. An additional consideration is to ensure that
½ρeffð0Þ=ρ0� ¼ ½K0=Keffð0Þ� ≠ 1 (ceff ≠ c0), so that the
static properties contrast with those of the background
fluid as a precondition for dynamic modal control. To make

water duct

stainless steel
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resonances
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FIG. 2. The simulation-based verification of the acoustic Baldin
sum rule by revisiting seminal examples of underwater meta-
material scatterers. (a) The monopole Helmholtz resonator in a
duct. (b) The dipole lead-core resonator in a periodic layout.
(c) Extinction spectra (σext); insets show the extracted effective
properties. (d) The cumulative distribution function γðωÞ.

PHYSICAL REVIEW LETTERS 136, 226902 (2026)

226902-3



this strategy clear, we construct a Fano resonator, the
simplest system coupling a discrete monopole resonance
[featured by K0=KeffðωÞ ¼ ½αð2c0=LÞ=ðω2

m − ω2 − iβωÞ�]
to a continuum dipole background [½ρeffðωÞ=ρ0� ≈
ð2c0=LÞ

ffiffiffi
b

p
]. The different combination of ρeffðωÞ and

KeffðωÞ can be interpreted as the interference of two
oscillators. By taking keffL ≪ 1 in Eq. (4), we can obtain
the transmission coefficient for Fano resonance:

TðωÞ ¼
�
1 − iω

� ffiffiffi
b

p
þ α

ω2
m − ω2 − iβω

��
−1
: ð10Þ

In fact, Ref. [28] derived exactly the same formula as
Eq. (10) via a different approach. According to Eq. (9), to
minimize the low-frequency ω2 coefficient of σext, it yieldsffiffiffi
b

p ¼ α=ω2
m (optimal Fano scattering condition), which

results in a maximum degree of asymmetry in the trans-
mission line shape (refer to Ref. [21], Sec. S4).
Experimental verification—To validate the sum rule and

its design principle, we fabricated three acoustic resonators
within a two-port air duct: a foam liner, a Helmholtz
resonator, and a Fano resonator [Figs. 3(a)–3(c)]. A useful
principle [29] to determine their effective properties is

�
ρeffð0Þ=ρ0 ¼ 1=φþ ΔL=L;
K0=Keffð0Þ ¼ Veff=ðS0LÞ;

ð11Þ

where φ is the perforation ratio of the narrowed channel
(with ΔL accounting for the near-field end correction [30])
and Veff is the total effective volume of the scatterer,
defined with Wood’s formula [27,31]. In Table II in End
Matter, we present our simplified model of the three
designed resonators with the following features.
(1) Foam liner: K0=Keffð0Þ ¼ 11.65 (due to the volume
of additional porous material installed on the sidewalls of
the pipe) and ρeffð0Þ=ρ0 ≈ 1 (fully ventilated with φ ≈ 1).
The foam liner can be treated as a lossy monopole
resonator. Porous material region was modeled with
Johnson-Champoux-Allard model [15]. (2) Helmholtz res-
onator: K0=Keffð0Þ ¼ 8.32 (with the same air volume as
the foam liner but lower effective compressibility due to the
dominant adiabatic process at low frequencies [31]) and
ρeffð0Þ=ρ0 ≈ 1. The Helmholtz resonator can be approxi-
mated as a lossless monopole resonator. (3) Fano resonator
(the simplest system coupling a discrete monopole reso-
nance to a continuum dipole background): accordingly,
K0=Keffð0Þ ¼ ρeffð0Þ=ρ0 ¼ 4.66 [φ ¼ 25%; see the inset
in Fig. 3(e)]. The narrowed channel results in
ρeffð0Þ=ρ0 > 1. The air inside the perforated pore supports
radiative piston motion (dipole), while the Helmholtz
cavity primarily contributes to a monopole resonant mode.
Moreover, Γ of the Fano resonator equals that of the
Helmholtz resonator.
By using simulation and experiments (details in

Ref. [21], Secs. S3 and S4), in Fig. 3(d), we confirmed

the superior sound insulation performance of the Fano
resonator with optimal scattering condition [Eq. (9)], with
an average measured hTLi ¼ 21.3 dB in the frequency
range of 1098–6174 Hz. However, for the Helmholtz
resonator, hTLi ¼ 18.6 dB in the range 960–2332 Hz,
and, for the foam liner, hTLi ¼ 13.8 dB in the range
960–3156 Hz. The Fano resonator’s total Veff is less than
that of the other two cases, but the TL performance is better
due to the design guided by the sum rule.
In Fig. 3(e), we confirmed that the optimally interfered

Fano resonator squeezes more σext resources to a higher
frequency band of interest, as characterized by the lowest

Foam
liner

Helmholtz
resonator

(a) (b) (c)

(d)

(e)

monopole oscillator monopole oscillator coupled oscillators

Fano
resonator

op
tim
al
co
nd
iti
on

spectral shaping

minimization

FIG. 3. The experimental validation via airborne sound reso-
nators in ducts. (a) Foam liner (monopole type). (b) Helmholtz
resonator (monopole type). (c) Fano resonator (coupled monop-
ole-dipole type). The size of the oscillator sphere represents the
amount of dissipation, and the length of the line represents the
resonant frequency. Dashed lines represent 2D rotational sym-
metry axes, and solid lines represent hard boundaries. (d) The
simulated (solid lines) and measured (circles) transmission
spectra. (e) The cumulative distribution function γðωÞ. The inset
shows the calculated values of K0=Keffð0Þ and ρeffð0Þ=ρ0, along
with their ratios and the simulation-extracted values. The ex-
perimental γðωÞ below 100 Hz is complemented by low-fre-
quency asymptotic forms derived from simulations (see Ref. [21],
Sec. S4 for details).
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γðωÞ curve, resulting in the exceptional TL bandwidth
shown in Fig. 3(d). We emphasize that the sum rule is a
universal constraint on the relative bandwidth, because
Eq. (1) can alternatively be written in a dimensionless
form:

R∞
0 σextðλÞdðλ=LÞ¼ π2ð½K0=Meffð0Þ�þ ½ρeffð0Þ=ρ0�Þ.

If jTj → 0 (high TL) over the operating wavelength range
λ∈ ½λ1; λ2�, then

R λ2=L
λ1=L

σextðλÞdðλ=LÞ ≈ 2½ðλ2 − λ1Þ=L�,
which reveals how σext is related to the TL bandwidth.
For all cases, discussing only the 1D plane wave scattering,
the measured ultimate bound verified the correctness of the
acoustic Baldin sum rule: γð2π × 6500 HzÞ=Γ approaches
unity, as shown in Fig. 3(e). We further showed that the
measured TðωÞ with both phase and amplitude, shown in
Fig. 4 in End Matter, follows the Kramers-Kronig relations
as well.
Equation (6) is only an asymptotic form for low

frequencies. To overcome the implicit nature of the KK
relations and establish an explicit family of causal scatter-
ing functions over a broad band, we introduce a Padé
approximant model [32] of the order of ½m × n�:

2½1−TðωÞ� ¼ a1ð−iωÞþa2ð−iωÞ2þ���þamð−iωÞm
1þb1ð−iωÞþb2ð−iωÞ2þ�� �þbnð−iωÞn

;

ð12Þ
where jTðωÞj ≤ 1 with m ≤ n (passivity) and causality
prohibits the presence of poles in the upper half-plane
½ImðωÞ ≥ 0�, under the constraint of Routh-Hurwitz cri-
terion [32]. If ω → 0 (Taylor series), 2½1 − TðωÞ� ¼
ð−ia1Þωþ ða1b1 − a2Þω2 þ iOðω3Þ, so a1 ¼ 2Γ=π (fixed
by the sum rule’s bound). Except a1, other coefficients
(real-valued) contribute to the full degree of freedom of
spectral shaping. We fitted the three cases in Fig. 3 with a
Padé model of minimal order (m ¼ 3, n ¼ 3) to capture the
low-frequency feature of Fano resonance as per Eq. (10)
(see the fitting details in Ref. [21], Sec. S4). As shown in
Fig. 3(e), γðωÞ from Padé models (dashed lines) also
validated the spectral shaping effect.
Discussion—Usually, to achieve ultrabroadband wave

manipulation, multiple resonators must be integrated, thus
introducing undesired algorithmic complexity and fabrica-
tion challenges. Here, counterintuitively, our Fano structure
is remarkably simple, representing the minimal physical
elements required to achieve causally optimal scattering. A
sum-rule-based figure of merit further confirms that this
design ranks among the highest for broadband ventilated
silencers [33–41] (see Fig. 5 in End Matter). Although
many theoretical versions of sum rules have been proposed
for classical acoustic [42,43] and electromagnetic [44,45]
waves, we reveal the missing link to the Kramers-Kronig
relations and Baldin sum rule in quantum field theory and
achieve its direct experimental verification and first appli-
cation in acoustics. Although we are discussing only the 1D
plane wave scatterings, the relevant theoretical framework
can be easily extended to 2D and 3D systems [46,47].

Beyond acoustics, this Letter bridges a conceptual gap,
revealing the classical counterpart of a fundamental quan-
tum scattering constraint. The underlying framework,
described by the family of causal Padé approximants
described by Eq. (12), is universal. It provides a practical
design strategy applicable not only to suppressing waves
(as in absorbers [12,29,30] and superscatterers [46]), but to
enhancing wave transport (e.g., cloaking [4] and impedance
matching layers [48,49]), and even to spectrum custom-
ization applications [33,50].
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End Matter

Appendix A: Quantum vs acoustic Baldin sum rule—
Table I elucidates the analogy between the microscopic
nucleon scattering parameters and the macroscopic
acoustic effective properties. Even though quantum and
acoustic scatterers are quite different, spanning micro-
and macroscales, Compton scattering [18] and general

acoustic scattering share the physical picture of wave-
matter interaction. Moreover, the causality of scattering
leads to the compliance with the Kramers-Kronig
relations and, thus, to a remarkably similar integral
dispersion relation, namely, the Baldin sum rule. The
energy levels of the nucleons (En) are analogous to the

TABLE I. Comparison of quantum and acoustic Baldin sum rules. Note: for quantum scattering [18] (natural unit with ℏ ¼ c ¼ 1),
αem denotes the fine-structure constant, andM and Z represent the total nucleon mass and charge number, respectively. The mean-square
charge radius r2E and the effective diamagnetic radius r2dia are defined in terms of the constituent parameters: r2E ¼ P

i qiρ
2
i ,

r2dia ¼
P

iðM=3miÞq2i ρ2i þD2, where qi, mi, and ρi are the charge fraction, the mass, and the internal coordinate of the constituents
inside the hadron, respectively. D represents the electric dipole moment operator, while Dz and Mz denote the z components of the
electric and magnetic dipole moments, respectively. The summation over jni runs through the set of excited states.

Physical context Quantum Baldin sum rule Acoustic analogy

Scatterer Nucleons (protons or neutrons) Meta-atom (periodic or in-duct)
Eigenvalue En (energy levels) ωm;k;ωd;j (resonances)
Excitation wave Photons (electromagnetic waves) Sound waves
Mathematical formulation

R
∞
ν0

σextðνÞðdν=ν2Þ ¼ 2π2ðαe þ αmÞ
R
∞
0 σextðωÞðdω=ω2Þ ¼ Γm þ Γd

Optical theorem σext ¼ ð4π=k0Þ Im½fðθ ¼ 0Þ� σext ¼ 2Re½1 − TðωÞ�
Forward scattering fðθ ¼ 0Þ (3D, far-field spherical wave) TðωÞ − 1 (1D, plane wave)
Static parameters (electric
or magnetic polarizability)
(monopole or dipole bound term)

αe ¼ 2αem
P

n≠0½jhnjDzj0ij2=ðEn − E0Þ�
þZ2αemðh0jr2Ej0i=3MÞ

Γm ¼ ðπL=2c0Þ½K0=Meffð0Þ�
¼ π

P
kðαm;k=ω2

m;kÞ
αm ¼ 2αem

P
n≠0½jhnjMzj0ij2=ðEn − E0Þ�

−αemðh0jr2diaj0i=2MÞ
Γd ¼ ðπL=2c0Þ½ρeffð0Þ=ρ0�
¼ π

P
jðαd;j=ω2

d;jÞ

TABLE II. Effective parameters and transmission Padé models for different resonator types. For the foam liner (β ≠ 0) and Helmholtz
resonator (β ≈ 0), we adopted Padé model ½1 × 2� with the assumptions ω2

m ≪ 2αc0=L, β ≪ 2c0=L, and ωm ≪ 2c0=L, where ωm is the
subwavelength monopole resonance frequency. For the Fano resonator, Padé model ½3 × 3� was utilized [equivalent to Eq. (10)]. A
general Padé model as per Eq. (12) can fit the spectrum of physically realizable scatterers. The theoretical foundation of displayed
equations is discussed in Ref. [21], Sec. S2.

Model Foam or Helmholtz Fano General Padé model

½ρeffðωÞ=ρ0� ≈1 ≈ð2c0=LÞ
ffiffiffi
b

p ð> 1Þ P
j½αd;jð2c0=LÞ=ðω2

d;j − ω2 − iβd;jωÞ�
½K0=KeffðωÞ� ½αð2c0=LÞ=ðω2

m − ω2 − iβωÞ� ½αð2c0=LÞ=ðω2
m − ω2 − iβωÞ� P

k½αm;kð2c0=LÞ=ðω2
m;k − ω2 − iβm;kωÞ�

2½1 − TðωÞ� f2αð−iωÞ=
½ω2

m þ ðαþ βÞð−iωÞ þ ð−iωÞ2�g
f½2ð ffiffiffi

b
p

ω2
m þ αÞð−iωÞ þ 2

ffiffiffi
b

p
βð−iωÞ2

þ2
ffiffiffi
b

p ð−iωÞ3�=½ω2
m

þð ffiffiffi
b

p
ω2
m þ αþ βÞð−iωÞ

þð ffiffiffi
b

p
β þ 1Þð−iωÞ2 þ ffiffiffi

b
p ð−iωÞ3�g

fPm
j¼1 ajð−iωÞj=½1þ

P
n
k¼1 bkð−iωÞk�g
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eigenfrequencies of an acoustic resonator (ωd;j and
ωm;k). The fine-structure constant αem has its counterpart
in acoustics as π=2c0. Because of the symmetry of the
atomic states jni, the static polarizability can be
categorized into electric and magnetic types. Similarly,
the symmetrical and antisymmetrical pressure fields of
an acoustic resonator define the effective modulus and
density according to homogenization theory [20].
However, quantum and classical acoustic systems also

exhibit some differences. For example, nucleons possess a
ground state (j0i) with energy E0, which determines the
threshold for excitation photon energy ν0. In contrast, in
acoustics, there is usually no such lowest energy level (this
makes low-frequency noise mitigation harder). Moreover,
the energy of a photon is proportional to ω, whereas for
sound plane waves the relation is quadratic (∝ ω2).

Appendix B: Direct verification of Kramers-Kronig
relations—The KK relations are evaluated for a set of
discrete angular frequencies ωj (obtained from
simulations or experiments), using the standard discrete
summation form:

2Re½TðωiÞ − 1� ≈ 2

π

X
j≠i

2ωj Im½TðωjÞ − 1�
ω2
j − ω2

i
Δωj; ðB1aÞ

2 Im½TðωiÞ − 1� ≈ −
2ωi

π

X
j≠i

2Re½TðωjÞ − 1�
ω2
j − ω2

i
Δωj; ðB1bÞ

where Δωj ¼ ωjþ1 − ωj. Direct numerical integrations
were also performed over evaluation points ωi by
computing principal-value integrals in two separate
intervals, excluding a symmetric exclusion band ω∈
½ð1 − εÞωi; ð1þ εÞωi� with ε ¼ 10−5. For simulations,
the integration range of ω is given by ða; bÞ ¼ ð10 ·
2π; 104 · 2πÞ rad=s; for experiments, ða; bÞ ¼ ð100 · 2π;
6500 · 2πÞ rad=s. The sampling points ωi are defined by
a logarithmically spaced grid fi ¼ expðlogð200Þ∶
0.05∶ logð5000ÞÞ Hz (65 points), corresponding to
ωi ¼ 2πfi. This choice balances resolution at both low
and high frequencies. The function TðωÞ was linearly
interpolated from the discrete data prior to integration.
No smoothing or filtering was applied. Figure 4
illustrates that the results obtained from the KK relations
(circles) agree remarkably well with the original
transmission data (solid lines). At low frequencies, the
extinction cross section follows the trend:
foam > Helmholtz > Fano, consistent with the larger
damping Γ in foam. Helmholtz and Fano resonators
share the same Γ, but only the latter satisfies the static
match condition in Eq. (9).

Appendix C: Figure of merit calculation—By
replacing ω with the wavelength λ (defined as 2πc0=ω),
Eq. (1) can be reformulated as

R
∞
0 σextðωÞdλ ¼ Γ0, where

Γ0 ¼ 2πc0Γ. Using closed-form models as per Eq. (11),
for air-based ventilative resonators (e.g., Fig. 3), this
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FIG. 5. The figure of merit [see Eq. (C1)] vs the frequency
coverage (beyond 10 dB transmission loss). The data are from our
experiments (the sample thickness was L ¼ 2.5 cm for all three
cases) and other reported works [33–41].

(a)

(b)

FIG. 4. The direct verification of the KK relations using
transmission data from finite element simulations (left) and
experiments (right). (a) 2Re½1 − TðωÞ� or σextðωÞ and its KK-
generated counterpart (circles). (b) 2 Im½1 − TðωÞ� and its KK-
generated counterpart (circles).
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expression can be approximated as Γ0 ≈ π2LðVeff=S0 þ
L=φÞ (end correction omitted). Based on this, to
evaluate the performance of our experimental samples
and compare them with previously reported works
[33–41], we introduce a sum-rule-based figure of merit
(FOM) (calculated results are shown in Fig. 5):

FOM ¼ hTLiðλ2 − λ1Þ
π2LðVeff=S0 þ L=φÞ ; ðC1Þ

where hTLi denotes the average transmission loss over
the sound reduction band (defined as exceeding 10 dB
from frequency f1 to f2). In this expression, the
wavelengths are given by λ2 ¼ c0=f1 and λ1 ¼ c0=f2.
Unlike Eq. (1), Eq. (C1) enables evaluation using
limited-band TL data, since σextðωÞ, which depends on
the phase information of TðωÞ, is typically unavailable
in reported studies. Our design principle is that the
numerator of the FOM quantifies the overall sound
insulation performance (taking into account both
bandwidth and attenuation level), while the denominator
represents the resources consumed by the ventilated

metamaterials (thickness L, ventilation rate φ, and
volume Veff ).

Appendix D: Relation to existing integral identities—
Here, we clarify the relationship between our sum rule
and the identities derived by Norris [43] and Meng et al.
[42]. First, regarding the high-frequency limit, Eq. (33)
in Ref. [43] and Eq. (3.25) in Ref. [42] rely on a finite
dynamic sound speed c∞ as ω → ∞. Defining a precise
c∞ is often challenging in metamaterials due to the
breakdown of homogenization. In contrast, our
formulation avoids high-frequency dynamic parameters
by anchoring the sum rule solely to robust static
effective properties [ρeffð0Þ and Meffð0Þ]. Second, the
transmission coefficient TNorris in Ref. [43] differs from
our TðωÞ by a phase factor associated with wave
propagation. The relationship is given by TðωÞ ¼
TNorrise−iωτ

0
, where τ0 ¼ L=ceffð0Þ represents the wave

travel time through the effective medium. Consequently,
while previous bounds appear in terms of
polarizabilities, our formulation naturally incorporates
the thickness L via this phase relation, thus avoiding the
problem noncausal behavior reported in Ref. [51].
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